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は じめに
こ の報告書は文部省科学研究費補助金(基盤研究(c)(2))の 交付を受けて ､ 平成11年度か ら
平成12年度 の 2年間に実施された研 究｢有限群の指標環 の構造に つ い て｣に 関するもの で
ある｡
有限群 G の 指標 環 R(a)に つ い て ､ 研究代表者 ･ 山内を中心 に次 の 点に焦点を当て て研
究を進 めた ｡
(i) R(a)の 単数群の 構造を調 べ る こ と ､ とく に R(a)の 単数(無限位数を持 つ)を具体
的に構成する こと ｡
(ii) ∫ndu ctio n T he o rem に つ い て ､ Bra tler､ Artin ､ Gr e e n等の研究結果が あるが､ も っ
と証明を簡易化 できない か ､ または別証明が得 られない か とい うこ とに つ い て 考える こと ｡
色 々 な証明に つ い て 見直 しをして み る こ と｡
(iii) R(a)に つ い て は Weidm an ､ Saks o n o v の 定理 があるが ､ これ らに つ い て Br a11 e r
指標環 BR(a)に対 して
一 般化 で きな い か を考え る ことo
(iv) 有限群 の表現の拡大に つ い て｡ Isaa cs は こ の こ とに つ い て いく つ か結果をだ して
い るが ､ も っ と 一 般化 で きない かを考 える こ と ｡
2年 間の研 究の結果 い く つ か の 成果 を得 る こ とが できた ｡ 成果の 詳細 に つ い て は ､ 本文
の｢研究成果｣の 項を参照 して頂きた い ｡
各研究分担者 には ､ それぞれ の 専門分野か らの 情報の 提供 と共に ､ 共同研究を進め ､ 必
要に応 じて外部か らの研 究協力を得る こと にな っ た｡ とく に研究代表者 ･ 山内が ､ 2000年
2月(9 日 - 20日)及び 2000年 9月(9 日 - 17日)の 2 回に渡り ､ Bir mingha m 大学(英国)
を訪問 し､ G. 氏. Robin s o n教授と意見交換 し ､ 助言を得 るこ とが できた ｡ こ の研究に際して
大き な役割 を果 たされま した ｡
研究費の 多く の部分は ､ 資料収集や研究連絡 の た めの 旅費と して 使用 され た ｡ ま た細か
な複雑な計算をする必 要もあり ､ 計算機購入 の た め に設備備品費の 一 部 を使用 した｡
本研 究の 推進 に当た っ て は ､ 研究分担者の み ならず ､ Bir mingha m 大学 の Robin s o n教授
をは じめ ､ 数多くの研究者並 び に大学院生 の お 世話 になり ま した｡ こ こ に記 して 感謝の 意
を表明 します｡
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1･(with H･ Miya chi)T he prin cipal3-blo cks of fo u r- a nd fiv e-dim e n sio n alpr oje ctiv e spe-
ciallin e a rgro upsin n o n- deAning cha r a cte ristic, Jo u rr ml ofAlgebr･a 2 2 6,(2000),788-
806.
2.(with N･ Ku n ugi)A Re m a rl" n the Lo e wyStru ctu refo rthe Thre eDim e n sio n a.IPro-
je ctiv eSpe cial Unita ry Gr o ups■in Cha r a cte ristic 3, ASP M(A dvarlC ed Studiesin Pu re
M athm atic s, Japa rte s eSo ciety ofM athe m atic s)
"Groups a nd Co mbin ato rics-in M e m -
o ry ofM ichio Su z uki
"
(edited by E･ Ba n n ai, H･Su z uki, fI･Ya m aki, T･ Yoshida)(20 00)
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(2000),59-76.
4･(withC･I.I･ La m, H･ Ya m a (la)De c o mpo sitio n off,he M o o n shin e v erte x ope r ato ralgel)I.a
a sVir a s o ro m o (lutes
, Jo u. m al ofAlgeb･ra, 2 26(2000), 893-919.
1 1l
5･(wit,h M･ M iya m oto, FIT Ya m a cla)Bo r w ein Ide ntity a nd Ve rte x Ope r ato r Algebr a s,
Jo u m al ofA19ebra8 2, n o･1(20 00), 100-108.
6･(with M ･ Ha r ada)Z4- Code Co n stru ctio n sfo rthe Nie m cie rLattic es a nd T heir E mbed-
dingsin the Le e chLattic e, Eu ropeartJo u m alofCo mbir2 atO ric s, 21(200), 473-485.
7･(with K･ Koike,H･ S higa)Notes o n a c e rtainintegr alo rt,hogo nalgr oup anditsqu otie nt
bythe prin cipalcongru e nce s ubgr o up of lev el2, I;yてLShu Jo u m alofMathe m atic s, 5 4
(2000), ト15.
越川 浩明(Hir oakiK O S H I K A W A)
1･ Fu n cto rialpr ope rty ofequ lV a ria nt c utting a ndpastingrl ng,
r
r he Bulletin ofthe Fa c ulty
of E du c atio n, C hiba Univ e rsity, Vol･48,Pa rt III,(2000), 7-10.
2･(永井正洋氏 と の 共著) 数学学習にお ける分散型ネ ッ トワ - クの 利用 ､ 平成 1 2年 2
月 千葉大学教育学部研 究紀要
,
Vol.48, Pa rt I, 53-58.
3.(阿部昌人 民 と の 共著) 学校ネ ッ トワ ー ク化 に関す る諸問題 ､ 平成1 2年3月 ､ 千
葉大学教育実践研究 ､ Vol.7, 129-138.
丸山 研 一 (K e n-ichi MA R U Y A MA)
1･(wi th M･ Arko witz, D･ Sta nley)T he s emigr o up ofs elfho m ot.opycla ss e s which indu c e
z e r o o nho m otopygro ups, Kyu shu Jo um al ofM athe m atic s(発表予定).
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(6.2) 口 頭発表
山内 憲 一 (Kenichi Y A M A U C H I)
1. J. A. Gr e e nの 定理の 別証明 ､ 2000年9月 ､ 日本数学会代数学分科会 (京都大学) .
越谷 重夫(s higeo KO S H ⅠT ANI)
l･ Lifting of Mo rita a nd de riv ed equivale n c es ofp-blo cks､ 2000年5月 ､ 表現論 と計算
代数 (Repre s entatio n The o ry a nd Co mptltatio n al Algel) ra 告)(ア メ リ カ合衆国 ジ ョ ー
ジア 大学).
2･ Re m a rks o nM o rita equ lV ale n c esfo rprln Clpa1 3-I)lo ck algebr a s of丘nite gro ups､ 2000
年7月 ､ 表現論研究集会 (東京理科大学).
北詰 正 顕(M asaakiK I T A Z U M E)
1･ 27-dim e n sio n alr epr es e ntatio n s of 3･0(7,3),3･ F2 2,3.2E6(2), 1999年 6月 ､ 第16回代数
的組合せ論 シ ンポ ジウム (九州大学).
2. Th ⊂ E8(3),2 000年3月 ､ 代数的組合せ論ミ ニ 集会 (九州大学).
3･ On 78-dim e n sio nalSchr'
'
ode rlatticefo rF,2,2000年 6月 ､ 第17回代数的組合せ論 シ ン
ポジウム (つ くば国際会議場).
4･ A Simple Cha r a cte riz atio n ofthe Stein e rSyste m S(5,8,24),2000年 7月 ､ Algebr aic
Co mbirLatO ric s
,
Mo n ste r a nd Ve rtetT Ope rato rA19ebr a s(Univ e rsity ofCalifo r nia,Sa nta
Cruz).
5･ Cla s sific atio n of Ev e nUnim odula rGa u ssia nLattic e s of Ra nk 12
,
2000年11月 ､ 研
究集会｢Code s, Lattic e s, M odular Fo r m s a nd Ve rte xOpe r ato rAlgebr a s｣(山形大学).
6･ 3-tr a n spo sitio ngr o tlpS, 2000年 12月 ､ ｢群論と そ の 周辺 一 総括と展望｣研究集会(戻
都大学数理解析研究所)･
表割JI 浩明(Hir o akiK O S H I K A WA)
1･ A De sign ofthe En vir o n m e ntSup po rting Co一labo rative Le a r n i ng O nScho ol M athe-
m atics Usingthe Distributio n Netw o rk, 平成 12年8月 ､ 第9回 国際数学教育会議 ､ (慕
張メ ッ セ)(永井正洋 ､ 岡部泰宰 ､ 永 田潤 一 郎 ､ 高橋正 ､ 赤堀侃司民 らとの 共同発 表).
2. Web上 で の 数学科協同学習にお ける知識構成図に 関す る研究 ､ 平成12年11月 ､ 第33
回数学教育論文 発表会 ､(鳴門教育大学)(永井正洋 ､ 岡部泰幸 ､ 赤堀侃司民 ら と の 共 同
発表).
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ミ ナ ー (茨城大学).
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(7)研究成果
有限群 G の 指標環 R(a)の 構造 に つ い て ､ 主と して次の 4項目に つ い て 研究を進め たo
得られた結果に つ い て順に述 べ る こ と にする｡
(i) R(a)の 単数群の構造 に つ い て
R(a)の 位数有限の 単数に つ い て は既に知 られて い るの で ､ こ こ で は無限位数 の 単数に
つ い て 考 える こ と に した ｡ 今ま で に は n 次交代群 An(n ≧5)に対 し ､ R(An)の 単数群 の構
造に つ い て 研究されて い る o これ は An の 既約指標 がわ か っ て い る の で 考え易か っ た の で
ある｡
既約指標が 一 般に知られて い な い 有限群 G の R(a)に対 して 次の ように考え た.
G を有限可解群 とす る. こ の とき G の 可解性 に より ､ H q G,1
'
G/HL- p(素数)を満た
す G の 部分群 H が存在す る. 今 p(≧5)と仮定す るo また Cp を位数 p の巡 回群 とする ｡ 剰
余群 G/1Iの 既約指標は白 熱 こ G の 既約指標 とみなせ る｡ 従 っ て R(Cp)の 無限位数の 単数
を見 つ けれ ば､ そ れは自然に R(a)の 無限位数をも つ 単数と なる ｡ 実際に R(Cp)の 無元位
数をも つ 単数を構成する こ と に成 功 した ｡ これらに つ い て は い ずれ論文 と してま とめ る予
定で ある｡
(ii) Indu ctio n Tbe o rem に つ い て
∫. A. Gr e e nは Br a u e rのIndu ctio nT he o rem の 逆が成り立 つ こ とを1955年に証明 した. 証
明の方法は ､ 誘導指標 に関す る Fr obe niu sの 公 式を用 い るもの で あ っ たo こ の Gr e e nの 定
理 の別証明と して ､ 有限群の 特性関数(cha r a cte ristic cla ssfu n ctio n)を用い る方法もある.
(K･Ya m a u chi,
"On a T he o re m of J･A･ Gr e e n", J･Algebr a209,(1998),708- 712)
今回の 研究で は Ma ckey の 分解定理 を用 い て 上 の 2 つ の 証明とは異なる方 法で Gree n の
定理 を証明 した ｡ ([1]I(. Ya m a u chi,"An othe rpr o ofofa The orem of ∫.A. Gr e e n" ,I.Algebr a
2 35,(2001),829-832)
(iii) 有限群 G の Br a u e r指標環 B R(a)に対 して Weidm a n,Saks o n o vの 定理の 一 般化を
試み る こ と
こ の こ とに つ い て は色々 大事な結果が得 られ,論文と してまとめられた ｡([2] K .Ya m a u chi,
"Onis o mo rphis m s ofa Br a u e r cha r a cte r ring o nto a n othe r
"
,
to a･p pe a rin J. Algebra)以 下
に主 な結果を述 べ る ｡
(1) A : R(a) → R･(II)を同 型写像 とす る とき ､ xi, /Yj が G の 同 じ blo ck に属すれ
.＼
ば
"y:･′, ,1,;･, もIIの 同 じblo ckに属するo 但 し,xt 1 /y
'
t, (i - 1, - r), ,yi,i,i ∈ Ir r(a), i,
/
i,,X;･/ ∈
Jr γ(〟)･
以下 に, 次の 記号を定め る ｡
fl
- 素数, Go - G の p- 正則 な元 の集合 ､ cl, I - , Cr を7>Jt則な共役類 の 代表元 の集合 ､ 人 ‥
Z B R(a) → 言B R,(II)を同型写像 と し､ c言上 c
'
i′,(i - 1, … r)で あるとす る. 但 し,c/i,, … , C
/
r
/
V ll
はIIの p一正 則な共役類の 代表元 の集合. lCG(ci)Ip/ をICG(ci)I0)p
/
-pa･rt とする とき ､
m p
, -(lCG(cl)lpl, ･ - ,lCG(c,)Ip,), m;/ - (lCH(c
/
ll)Ip,, - ,ICFI(c
'
r
,)ip,)
とおく｡ こ の とき次が成り立 つ ｡
(2) m p, - m;,
さらに次の 記号を定める ｡
m - (ICG(cl)l, - ,ICG(cr)l), m
′
- (lCH(c
'
l･)I, - ,lCLI(c
'
r
,)I)
IBr(a) - (pl, ･ ･ ･, P,): G の Brau e r既約指標
a,c
/ をそれぞれ G
,
LI のCa rta n m atrix と し ､ A を入 を表す行列 とする o こ の とき次が
成り立 つ ｡
(3) 次 の 三 つ は同値 である o
(i) m - m
′
(ii) A
*CA - C
'
(iii) (pi,Pj)
'
G
- (A(pi),A(甲j))
'
H
但 し,(fっg)
,
a
-古志.I( 痢
さらに CA = AC′ ならば次が成り 立 つ ｡
(4) 上 の 仮定の 下で次が成り立 つ o
(i) A(pi) - EiP:I,(i- 1, ･ ･ ･ ,r)こ こに I Br(H) - (甲
1
11, ･ ･
･
, P
'
,/), ei は1の べ キ根 で あるo
(ii) G と H の Br a u er cha r a cte rtable は同 じで あるo
(iii) 行 と列 を適当に入れ替えれば C - C
′ が得 られ るo
(iv) りiとり]が Gの 同 じblo ckに属すれば ､ り;, とり:･t も LIの 同じblo ck に属するo こ こ に
りt与り;I (t -1, … ,r),(qi, りj)及び‡り:,,り;･,)はそれぞれ G, H の prin cipal inde c ompo s able
cha r a cter で ある ｡
M
I
Tれu
n
∽ー
≡
. '
〃
]
9
L
.
ー
軌
と p,
･ が G の 同 じblo ck に属すれ ばp
/
i, と 甲;･l も H の 同 じblo ck に属する o こ こに
(t -1, ･ - ,r)0
(iv) 有限群 G の表現の 拡大に つ い て
Is a a csは標数 0 の 体L に関 して 次の より
一 般化 された定理 を証明 した .
定理 E を標数0 の代数閉体と し ､ IJ ⊂ E とする o N < G で /y は G-in v a ria ntな N の L
-
表現で ある とす る o α を k, の E- 既約成分 と し ､ (lG: Nl, α(1)o(α))- 1 と仮定するo こ の
とき
/t
J は G の Ir 表現に拡張され る｡
本研究 で は(IG : Nl, o(α))- 1 を仮 定 しな い で議論 を進 め, 種々 の 結果 を得た o これ ら
をま とめ て 論文 と して 出版 した ｡ ([3] Ⅰく･ Ya m a u chi,
" On the Exte n sio n s of Gr o up Rep-
r e se ntations o v e rArt)itra ry Fields Il
o The Bulletin orthe Fa c ulty of E du c atio n,Chiba
univ er sity,Vo†.48 Pa･rtIII(2000), ll-19･)
Vlll
詳細な内容を述 べ るには ､ 沢山の 記号の 説明や長い 仮定を書かねばなりません の で , こ
こで は省略する こ と に します｡ こ の 報告書の 後半に こ の 論文の 全文 を載せ ます の で ､ それ
をご覧下さい ｡
最後 に上の 主要な結果 を述 べ た 3篇 の論文[1],[2],[3]を以下に つ づ るこ とにする . ま た研
究代表者 ･ 山内が本研究で得 られ た成果に つ い て ､ 日本数学会代数学分科会(2 000年9月 ､
京都大学)で発表 した原稿も載せ る こ とにす るo
lX
An other proofofa theore m ofJ･AI Gre e n
Ke nichi Ya ma tl Chi*
Departm e nt of Mathe m atic s,Fa c ulty of E du c atio n,Chiba Uni
ve r sityフYayoicho
C hiba 263-8522,Japa n
E- m ail: ya m a u chi @m ath･ e･ chiba
- u ･ a c･Jp
Dedic atedto Pr ofe s s o r sE
'
lichi Ban n ai a nd Et-,s uko Ba n n ai
J.A. Gr e e npro v ed a theor em whicl- is the c o n v e r s eto athe o r e m of R
･Br a u e r
(pro c.ca mb.P bilo s･So c･5 1(19 55),237
-239)･T he pr es e nt a tltho rgiv ed a n othe rpr o of
ofthe the o r e mby m aking a n ap plic atio n of the cha r a ct,e ristic cla s sfu n ctio n s of a
払ite gro up･ In this a rticle w eglV e a n othe rpr o of o
fthethe o r e m whichis e asie r
tha nthetw opr e vio u spro ofs ofthethe o re m )by u sing Ma ckeydec o mpo sitio nthe
1
0 r em .
1. Intr odu ctio n
T hr o ughout this a rticle, a,Z a nd C de n ote afinite gr o up, the ring ofr atio n al
intege rs a ndthefieldofc o mple x n umbe rs r e spe ctiv ely･ Let(xl - 1G(theprin cipal
cha r a cter), . . . , ,1,h)bethefulls et ofn o nis o rno rphicir r e(lu cible c o mplex cha r a cter s
ofa. Let cha r(a)bethe cha r a cter ring ofG･
*stlp pO rtedby agr a nt
-in - aidfo r s cie ntific r e s e a r ch(11640010)fr o mthe M inistry
of E du c atio n of Japa n･
1
T hatis, cha r(a) - (∑tl= 1 ai,Yi I ai ∈ Z (i - 1, ･ ･ ･,h) ･ T he n cha r(a)is a
s ubring ofthe ring cf(a)ofallc o mple x- v alu ed cla s sfu n ctio n s o nG･
Fro m n o w o n,fo ra ny s ubringR of Cw e de n ote by cha rR(a)the s et of R- lin e a r
c o mbin atio ns ofthe c o mple x cha ra cte rs of afo r sim plicity･ Fo r0 ∈ cf(a)a･nd a
s ubgr o up H of a,w ede n ote the r e strictio n of0to LI byOIfIOr Re s富(0)･
Let A be a ny s ubring ofa c o n siting of algebr aicintege rs stl Chthat Z ⊆ A a nd
le七 光 be af amily ofs ubgro ups ofG･ The n w e c o n side rthefollo w ingfo u r state me nts
with r e spe ct to 光 ･
(i) Iffo r a nyO ∈ cf(a),OIH ∈ cha r(H)fo r all H∈ D(,the nO ∈cha r(a)･
(ii) Iffo r a nyO∈ cf(a),OLFI∈ cha rd(H)fo r all H∈ 光 ,the nO ∈ cha rA(a)･
(iii) ∑HE.1 r(cha r(H))
a
- cha r(a) wher e(cha r(H))
G is the s el ofal19e n-
er aliz ed cha ra cte rs ofa ofikefo r m4,
*
(the ge n e r aliz ed cha r a cte rofaindu ced by
4,) with4, ∈ cha r(H)･
(iv) Ea ch ele m e nta ry s ub9r O uP OfG is co ntain ed in s o m e c ojugate ofso m e
sub9r O uPbelo ngir19tO 光 ･
T he s e state me nts a r e equivale nt(Se e the Intr odu ction in [7])I Pr o ofs of(i)
～ (iii)a nd(ii) ～ (iii)a r e obtain ed by Br a u e r
'
s pr o ofof T he o r em 3 in[1]a nd
by u sing tw o fo r m ula s(i)of(38･5)T he o r e min [2]a nd lG - ∑ aH枯 wher e
aLI ∈ Z,All∈ cha r(H)a nd H∈ 31･ In[4]J･ A･Gr e e ngiv e s apr oofof(iii)= ⇒ (iv)
by u sing Fr obe niu s
'
s fo r m ula fo rindu ced cha r a cte rs, in o rde rto pr o v e(i)* (iv)
(tha.iis, the c o n v e rs eto at,he o r e m of R･Br a u e r)･ In[7]the pr es e nt a utho rgiv e s
a. pro o-rof(ii)- ⇒(iv)in c as e e∈ A wll er et-is a primitiv etGIth r o ot of u nity, by
m aking a n applica･tio n ofthe cha l
･
aCte ristic cla ssfll n Ctio n s orG･ We w a nt to get
a (1ir e ctpro of of(i)- ⇒ (iv)I) utit s e e m sto be difnc ult to getits prooF･
Ⅰ｡ tl-is aI､ticle w eillte n(Ito giv e a･ proofof(iii)- ⇒(iv)I)y tlSing M 礼ckeyde c o m-
l'O Sitio lltlle O r eI-I((4 4･2)Tle O I
､
e n -in[2])･
2
2. Pr o ofof(iii)= ⇒(iv)
Let e be aIGlth r o ot ofu nity a ndA - Z[e]bethe s ubring ofC ge n e r ated by e
o v e rZ. T he n w eha v e
Le m m a2.1 Let E - < y > ×P be ap
- ele m e nta ry s ubgro up ofG whe reP is
ap - gr o up a nd < y > is ap
'
- gro up a nd Eo be aprope r s ub9r O uP OfE･ Le1 0 be
a ny ge n e ralized cha r a cte r ofE.･ The r - eha v e
lndg.(0)(y)- 0
*
(y)∈pA
whe reIndE.(0)de n ote sthe 9e n er alig ed cha ra cte r ofE indu cedbyO･
pr oof. Ify卓 E.,the n bythe de丘nitio n of a nindu c ed cha r a cte r, w e c a n
e a sily show thatO
*(y) - 0 ∈ pA･ fle n c e w e m ay s s u m ey ∈ Eo･ T he n w e c a n
w rite E. - < y > xPo whe r ePo - P nEo a nd Po is apr oper s ubgr o up of P･ Let
p - u?= 1tip.be ade c o mpo sitio n of P into disjointleft c o s ets withr espe ct to Po ･
T he n E エ リT= 1iiE. is a de c o mpo sitio n of E into disjointleft c o s ets with r e spe ct
to E. . He n c ew e ha v e
o*(y) - ∑?= 10(i[
1
yii) - nO(y)
sin c e n- [P : Po]a ndpln , w eha v eO
*
(y)∈ pA ･ T hu sthe pr o ofis c o mplete･ 困
RelT. a rk. T he abo v ele rn m a m ay be simila･r to thele m mas which a r e stated
in[3]a n (i[6](Se e(15･29)Le m m ain[3]a･n cI IJe m m allat page 85 in[6])･But, it
is e ss e ntiallydiffe rentfr o mtho s elt? m m a sbe c a u s ein Le m m a･ 2･1 w e o nly c o n si
(1e r
a ge n er a･lized cha r a cte r of a pr ope r s ubgr o up of a n ele m e n
ta ry s ubgr o up of a,
3
in
'
ste ad ofa ge n e r aliz ed cha r a cte r of a s ubgroupIIofa whe r eII do es n ot c o ntain
a ny c o njugate Ofagi v e n el m e nta ry s ubgr o up of a.It s e e m st,hat aI) ro ofof Le m m a
2.1 is e a sie rth an the pro ofs ofthe tw opr e vio u s statedle m m a s.
Pr o of of(ii)- ⇒(iv) Le七 っ( be afa mi ly ofs tlbgr o ups of a 名nite group a
which s atis五e s(iii)a ndlet E - < y > × P be a･ p - ele m e nta ry s ubgro up ofGfo r a
p
/
- ele m e nty a nd a p - gr o up P･ By a ss u mptio n(iii)w ehave
lG - ∑FIE.7{∑入 a[I,A Ind?I(A)
whe r e aH
,
入 ∈ Z a nd入∈ cha r(II).
As s u m eby w ay of co ntr adictio nthat Eis c o ntain ed in n o c o njugate O
･f a s ub-
gr oupbelongingto Jt･ By Ma ckeyde co mpo sitio nthe o r e m(44.2)The o r e min[2】)
w e c a n w rite
Re s富(1G) - 1E - ∑He升 ∑^ aH,A Res富(In堀(A))
- ∑H e封 ∑入 a H,^ ∑帽 T In堵tnE(liiHt｡E)
whe reT is afulls et ofthe repr es e ntativ esofal l(II, E)do uble c o s etsin a.
Sin c eE is co ntain ed in n o c o njugate Of a s ubgro upbelo nglngto ワ(, H
iロ E is a
pr ope r s ubgro up ofE ･ T he r efo r eby Le m m a2.1 w eha v e
lndZtnE (入tIHC｡E)(y)∈ pA.
fle n c elE(y)∈pA. T hisis co ntr a ryto IE(y) - 1. fle n c ethe re s ultfollo w s. 圃
Ackn o wle (lge m ellt.
T his a rticle w a s w ritte n while l w a svisitingtJl'1 eUlliv er sitJy Of Birm l ngll a min
Fe上)1､u a 1･y2000. i w as s uppo rted by a gr a nt-in - ai(I fo r s cie ntiGc r e s e a r ch fr o mthe
4
Ministry of Edu c atio n ofJapa n･ I r e c eiv ed u s efuls ug gest･io n s and e n c o u r age m e nt
fr o mPr ofe s s o rG･ R･Robin s o n ofthe Univ e rsity of Bir m lngha m .
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Onis o m o rphis m s ofa Braue r cha racte rrlng Ont,0 an otherII
Ke nichi Ya m a u chi*
Depa rt m e nt ofM athe m atic s,Fa c ulty ofE dtl C atio n,Cl-iba Univ e rsity,Yayoicho
C biba 263-8522
,
Japa n
E- m ail: ya m a u chi@ m ath. e. chiba- u . ac .JP
Dedic atedto Profe s sor Eiichi A be
T his a rticleis a co ntin u atio n of my a rticle
"Onis o m o rphis m s ofa Bra u e r cha r acte r
ring onto a n othe r
"
,(Ts ukuba J･ M ath･20(196),207-212).In this a rticle w e state
a n e c es s a ry and s ufBcie nt c o nditio n u nde r which a nis o mo rphis m 入 of a Br a u e r
cha r a cte r ring O nto a n othe rpre s e r v e s a nin e rprodu ct. We als o state the r elatio n s
betw e e n入 a nd blo cks ofgr o up algebr a s of 丘nite gr o ups ･
1. Intr odu ctio n
Thr o ugho ut this a rticle a, Z a nd Q de n ote a finite gr o up,the ring of r atio nal
intege rs a ndthe r atio n al fieldr espe ctiv ely. M o r e o v e r w e w rite 言 to de n ote the
ring ofallalgebraicinteger sin the c o mple x n u mbe rs a nd百to de n otethe algebr aic
clo s u l､e OfQin the fi eldof c o mple x n u ml) e rs･ Fo r afinite s et S, w e (1e n ote byfSl
the n u mbe r ofele m e ntsin S.
*Suppo rted by agr a nしin aid.fo r s cie ntific r es e a rch(1164 00 1)fr om the M inistry
of E du c a･tio n of Japa 皿
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LetIr r(a)- (/yl, - , Ⅹh)bethe c o mplete s et of abs olutelyir r edu cible c o mple x
cha r a cte rs of G･ T he n we write 雷R(a)to de n ote the 雷 - algebr a spa n n ed by
/1/1, - ,Xh･ That is, 言R(a)- (∑tP= 1 aiXi I ai∈ 雷,(i - 1, … ,h)).
Fo rtw o finite gr o ups a a nd H,1e七人 be a 雷 - algebr ais om orphis m of雷R(a)
o nto 雷R(H). T he n w e c an w rite
入(xi) = ∑吾=1 aij,Y;･ , (i - 1, - ,h)
whe r e ail ∈ 雷 a nd lr r(H) - (x
/
l,
. . .
, XL). In this c a s e w e w rite A to de n ote the
h x h m atrix with(i,jト e ntry equalto aid a,nd s ayt,hat A is affo rdedby 入 with
fespe ctto Ir r(a)a nd Ir r(H).
Asis w ell kno w n
,
c o n c e r n ingtheis o m o rphis m Athefollo w lng State m e ntshold.
T he s e re s ults s e e mto be m o stim po rtant.
(i) tCG(ci)l- ICH(c:I,)t, (i - 1, ･ ･ ･,h) whe re(cl, ･ ･ ･,Ch) a nd(c
'
l
,, - , Cl,)
are c o mplete s ets ofrepre s e ntativ e s ofthe coju9ate Cla s s e sin a a nd Hre spe ctiv ely
a nd ci与 c:･, , (i - 1, - ,h).(T he definition ofci与 c:･′ will be statedin the c a s e
of m odula rr epr e s e ntatio n s of丘nite gr o upsin s e ctio n2･)
(ii) A is u nita ry whe r eA is the m atrix aHo rded by 入 with r e spe ctto lr r(a)
m d Irr(H)･
By u singthis r e s ult W eidm a n a ndSaks o n o vpr o v ed indepe nde ntlythatif雷R(a)
isis om o rphic to 言R(H)fo rtw o Anite gr o ups a a nd H, the nthe cha r a cter tables
of Ga nd H a r ethe s a m e.
(iii) With r e spectto a r "
'
1 m e rPrOdu ct,(xi, Xj)a - (A(xi),A(xj)H forxi,Xj ∈
[rr(a)･
(iv) Co l- Ce mil,9the blo cks of m odula r repre s e ntaL-io rlthe o ry, ifxi a lld xj
/
are in the s a m eblo ck ofG, the n xi, a nd /y;･J a r ein the sa m eblo ck ofH whe re
/1,l う ,y
'
t
J
, (i - 1, - ,h)･ (T he deBnitio n ofxt与 x;′ willbe stated alldthis r e s ult
will I) epr o v ed in s e ctio n2.)
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In ge n e r al, c o n c e r n l ng a niso m o rphis m 入 ofa Br a u e r cha r a cte r ringO nto a n othe r,
the abo v e state m e nts n ot alw ayshold.
In this a rticle o u r m ain obje ctiveis to gl V e a n e c es s a ry and s ufBcie nt c o nditio n
u nde r which s o m e ofthe above state m e nts hold a nd a s u岱cient c o nditio n u nde r
which the abo v e statem e nts(ii)a nd(iv)hold, c o n c e r ning a nis om orphis m A of a
Br a u e r cha r a cte r rlng O nto a n othe r.
Fl･O m n o w O n, W he n w e c o n side rho m o m o rphis m sfr o m a n algebr ato a n othe r,
u nle s s othe r wis e spe cified) w e sh allo nly de alwi th algebr aho m o m o rphis m s･
2. Prel主min a rie s
W eRx a r atio n alpri m eP a nd u s ethefollow ing n otatio n with re spe ct to a 鮎ite
gr o up G.
G.: the s et of allp - r egula rele m e nts ofa
cl(Go) = (el = (1), ･ ･ ･,er):the c o mplete s et ofp 一千egula r c o njugate cla s s esin
a
(cl, ･ ･ ･ , Cr): a c o mplete s et ofr epr es entativ es ofel, … ,a, re spe ctiv ely
I Br(a)- (甲1 - 1, - ,p,): the co mplete s et of ir redu cible Br a u e r cha r a cte rs ｡f
a which c a nbe vie w ed a sfu n ctio n sfr o mGo into the c o mple x n u mbe rs.
Fo r a ny s ubring R ofthe 丘eldof c o mple x n u mbe rs s u ch that 1 ∈ R, w e write
l W R(a)to den ote the ring of lin e a r co mbin ation s ofpl, - ,Pr o v e rlL T hatis ,
1 W R(a) - i ∑:=1 aiPi[ ai ∈ A ,(i - 1, . . ., r)). In pa rtic ula rw e u s ethe n otatio n
B R(G)in st･e a (1 of Z B R(a)a n (1 s ay that B R(G)is the Br a u e r cha r a cte r ring of
a.
W e a r egiv e ntW O丘nite gr o ups a a nd II. Fo r a a nd llw e a s s u m ethat the r e
e xists a nis o m o rphis m 入 of言B R(a)o nto 言BR(II). The nitfollo w sthat the ra nk
of BR(a)- the r a nlく Of B IWI)a･n 〔11Cl(G｡)I- ICl(fI.)ト
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W e als o c a n e xte nd 人to a niso m o rphis mA ofeBR(a)o nto 百BR(H)bylin-
e a rity.
He r e w e u s eth follo w ing ad dit o n al n otatio n.
Cl(H.) - (a
l
l
- †1), … ,eニ)
†c
1
1
- 1
,
- , cニ)‥ a c om plete s et ofr epr esentativ e s ofe
t
l, . . . ,eニr e spe ctively.
I Br(II) - †p
/
I, - ., Pニ)
ifl, ･ ･ ･,fr): the c o mplete s et of cha r a cte ristic class fu n ctio n s o na. wher efi
c o r re spo ndsto etr ,(i - 1, - ,r)(s e eDefi nitio n 2･1 in[4]).
(Il
l
,
･ ･ ･
,I:): the c o mplete s et of cha r a cte ristic cla s sfu n ctio n so n H. w he re I:
co r re spo nds to a:･ ,(i - 1, … , r).
ByLe m m a2･2 a nd Le m m a2･3in[4],itfollo w sthatfi ∈百B R(a)a nd 入(ft･)is
′l
a cha ra cte ristic cla ssfu n ctio n o nH. ,(i - 1, . . ., r).
No w w ede丘n e abije c七io n.fr om C l(Go)to Cl(H .)thr o ughtheiso m o rphis m入 a s
folo w s･ Fo r ap - r egula rco njugate Cla s sei Of a)ei CO r r eSpO ndsto a chara cte ristic
∧
cla s sfu n ctio nfi O n Go a nd A(fi)is als o a cha ra cte ristic cla ss fu n ctio nfi
r
, On Ho
w hich c o rr espo nds to ap - r egula r c oJugate Cla sse
J
･, of H･ He re w e a s slgn a
,
.,
t ■-O~ー ~ i
to ei,(i - 1, - ･ , r)･ T hu s w eget o n e-to - o n e c o r r e spo nde n c ebetw e e nC l(a.)a nd
Cl(H.):
^
ci 6ei → fi → A(fi) - fi
'
, - e
'
･ t ∋ c:I,t
whe r eJi - i
'
,(i - 1, - , r)is ape r m utatio n･ In this c a s e we w rite ci う c:･J ,(i =
1, - , ㍗)･
Ke epl ngthe abo v e n otatio n w egive thefol]o w l ngle m m a c o n ce rn ingthe Br a u e r
char a cte rtable ofG･ T hisle m m aplays afu nda m e ntalr olein pr o ofs of T he o r e m s
2･2 a nd3･2･ But a pr o of ofthisle m m ais n otgiv en in[4]a nd[5]a nd s o w egiv e a
pro of.
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Le mm a 2･1･ (pi(cj))- (A(pi)(c;･,)) (r x r m airic e s)u,here cj与 c:I, ,(j -
1, ‥ ･ , ㍗).
Pr o of･ Sin c ew e c a n w rite fi - ∑;=1bijPj,bid ∈百,(i - 1, ･ ･ ･ ,r), w eha v e
i:I - A(fi) - ∑;= 1bij入(pj)･ He n c e w eha ve
ム
･
･
･
ふ
′
/
.
.
.
し
l
㍗
9
_
I
.
'
9
_
.
/
汁βニ
whe reB - (bid) (a n rx r m atrix)･Sin c e c,. ヰ c;I/ ,(i - 1, ･ ･ ･, r),w eha vefi(c,･) -
6i3
･
a ndf:I(c;･,) - 6i,i, ･ He n c e
ニ
＼
1
1
E
E
i
-
退
=
=
コ
温
ム
ふ
′
/
ド
)
/
.
ウ
_
ハ
し(
.
●
.
〆
巾
)
r
り
=
[
〃
】
i
E
ll
l
u
.I
;
. i
･
a nd othe rs eqll alto 0.
The r efo r eB ｢
isthe v e cto r with o nlyi - th e ntry equ alto 1
A(pl)(c;∫)
A(p,)(c;,)
･ Sin c eB is r egula r, w eget (pl(ci) -
A(pl)(c:･f), - ･ , 甲r(ci) - A(pr)(a:･,), (i - 1, ･ ･ ･, r)･ T hatis,(pi(cj))- (A(pi)(c;･,))･T hu s
the proofis c o mplete. 萄
No w w e r etu r nto a nis o m o rphis m 人 of言R(a)o nto 言R(H). T he nlGl- lII
J
a nd by Saks o n o v
'
s the o r e m we ha ve A(xi) - eiXiJ ,(i - 1, ･ ･ ･ ,A,) whe r eIr r(a) -
†JYl, - ･, ,Yh),Ir T(H) - (x
l
l, - ,XL)a nd the ei a r e r o ots Of u nity. In this c a s e w e
/1 /
write
,1
,
i 1 ,yiJ ,(i - 1, - ,h)･ T he n w eha v e
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T he o r e m2･2･ Ifxi a nd ,yj a rein the s a m eblo ck ofGfo r ,yi,Xj ∈ Ir r(a),
1
7
l
.
. 7 . , . ,. T1.･ . ^ /the n
/yi, a ndy;･, a r ein the s a･m eblo ck ofLIwher ei,i → ,yi, ,(i - 1, ･ - ,h).
Pr o of･ If w e s et 0(xi) - X:･, ,(i - 1, - ･ ,h), the n 0 is als o a nis o m o rphis m
of言R(a)o nto 言R(H), be c a u s e入(xi) - 亡iX:･J ,(i - 1, ･ ･ ･,h) (s e ethe pro of of
The o r e ml･2(ii)in【5】).
Let Cl(a) - (el - (1), - ,eh) and Cl(LI) - (a
l
l, … ,eL)be c o mplete s ets of
co njugate Classesin a and H r e spe ctiv ely･ The nbythele m ma which corresponds
to Le m m a 2･1 in o rdin a ry r epr e s e ntatio n sof Bnitegro ups, w ehふv exi(ck) = X:I,(c上′′)
whe r e ck 6ek, Cと′′ ∈ek′′ a nd ck A c宝′′ ,(k - 1, - ,h). Sin c exi(1) - xi(cl) =
x:.I(c
'
l′′) ≦x:･
'
,(l)a nd x:L,(1) - xi(CIJ) ≦xi(1)whe r ea
l
l ∋ 1
Oi3
1
cl
, ∈el, , W ehav e
xi(1) - x:.′(1)I T he r efo r e
leklxi(ck) [ek′′Ix:･,(ck′′)
xi(1) x:,(1)
In a simila r w ay w eha ve
lektX,･(ck) (e
l
k"Ix;･J(ck")
xj(1) x;I,(l)
, (k - I, ･ . . ,h).
, (k - 1, ･ ･ . ,h).
Sin cexi a ndxj a r ein the s a m eblock ofG,by(85･12)Co r olla ryin[l]
lek‡xi(ck) ～ iektXj(ck)
xi(1) x,･(1)
(m od(7T)) , (k - 1, . . " h)
wher e(7T)is a m a xim al ideal of a c o mplete dis c r et v alu atio n ringin a p -
m odlla r syste m ofG
!
. The refわre w eha v e
峨〃lx:I,(cl･/,) Ie
'
k･ ′′1x;.,(cll′′)
･y:･,(1) xi･J(1)
(m od(7T)) , (k - i, " ,h).
J . /
By(85･12)Co r olla ryin[1], xi, a nd x], a r ein the s a m eblo ck of H･ Thu sthe
r e s ultfollo w s. S
ll
3. M aillthe o re m s
Weke epthe n otationin sectio n2･ LetG a nd H betw ofinitegr o ups and letA be
a nis o m o rphis m of雷B R,(a)o nto 言BR(H)s u chthat ei ∋ ciヰ c:･, ∈e:･, , (i -
1
,
…
, ㍗).
W e w rite m
p
, to de n ote the v e cto r with i - th e ntry equ altoICG(ci)lp, (the
p
'
- pa rt of CG(ci)I)a nd m去ItOde n otethe v e cto r with i- the ntry equ altoICH(c:･,)fp,
(i - i, ･ ･ ･ , r). The n w epr o v e
T he o r e m3･1･ In the abo v e situ atio n w eha v e m
p
/ - m;,･
Pr o of･ Letfibe the cha ra cteristic cla s sfu n ctio n on a. w hich c o r r e spo nds
to ei,(Thatis,fi(c,.) - 6ij). The nfiis w ritte n a s a百 -lin e a r co mbin atio n of
7 l) ･ ･ ･ ,7 r Whe r e r71? ･ - )q, a r ethe prin c IPalinde c o mpo able cha r a cte rs of a which
c or re spo ndsto pl) ･ ･ ･)P, r e Spe Ctiv ely･ T hat is,
fi -
fCG(ci)I
∑;= 1甲j(ci)りj , (i - 1, ･ ･ ･, r)･
By T he o r e m61･4(2)in[2]w e c a ns e ethatpaICG(ci)lA(fi)is alin e ar c o mbin atio n
ofりi, ･ ･ ･ ,7, With c o enicie nts of algebr aicintege rs whe r eり1, . . . ,りr a r ethe prln ｡ 1Pal
/ ･
. 1 n
･
' ･ . r･ 1 . . . . 11 1 1
/ /inde c om po s able cha r a cte r s of H which c o re spo nds to pl, - ･, P, r e spectiv ely a nd
p
a is the o rde r of a Sylo w p - subgro up of H.
on the othe rha nd
,
sin c e ciヰ c:A, it follo w stha七 人(fi)isthe cha r d.｡te risti｡ Cla s s
^
fu n ctio nI:I O n Ilo w hich c o r re spo n (1s to e
'
., I Iie n c e w eha v e
甘
p
alCG･(ci)l人(fi) -
p
a
fCG(ci)[
lCH(c;,)I
∑;= 1P;.(c:･,)りi･ ･
The c oe托cie nt ofりiin the abo v efo r m ulais equ alto p
a
[CG(ci)!
CII(c;,)
a nd is a n algebr aic
intege r･ IIe n c e w eha v elCH(c:I/)Fp,(1CG(ci)[pI ･ By c o n side r主ng入- i :言B 月(〟) →
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Z B R(a)(thein v e rse of ユ),in a si mi la r w ay we ca n obtainfCG(ci)fp, HCH(a:･,)lp/ .
He n c e w eha v elCG(ci)(p, - lCH(c;I)(p/ I This c o mpletes the pr o of･ 歯
Let a a nd H betw o 鮎ite gr o ups withCa fta n m atric e sC a nd C
/
respe ctively･
Le七人 be a nis o m o rphis m of雷B R(a)o nto 雷BR(H)a nd A - (aid)bethe m atrix
affo rded by 入 wi th r e spe ctto I Br(a) - †pl, - ･, Pr) a nd IBr(H) - (p
'
l, - ,Pニ).
Let 771) - )77, be the prln CIPal inde c o mpo s able cha r a cters ofa which c o r r espondto
pl, ･ ･ ･, 甲, r e spe ctiv ely a nd 玉etr7i, - ,りニbethe prln Clpal inde c o mpo s able char a cte rs
I ∫
of H which c o rr e spo ndto pl) ･ ･ .) P, r e SPe Ctiv ely･
We s et Cl(Go) - (el, - ,er)a nd Cl(Ho) - (e
'
1, ･ ･ ･,eL)a nd a ss um e that ci 与 c:･J
where ci EEL,C:.′ ∈e:･′ ,(i - 1, ･ ･ ･ ,r)･ W e w rite m to de note the v e cto r with
i - th e ntry equ al toJCG(ci)la nd m ′to de n ote the v e cto rwith i- th e ntry equal to
ICH(c:･,)(,(i - 1, … , r).
We u se the c o m m o n n otatio n X *forthe c o njugatetr a n spo s eOf a matrix X .
Fo r百 - Valu ed cla ssfu n ction sI a nd g o n a o ra. , w edefin e a nin n e rpr odu ct
(I,g)/a aSfollo w s
(I,g)
,
a
-古= 蛾 f( 痢 ･
T hen w e ha v ethefbllo w lngtw o The o r e m s3.2 and 3.4.
T he o r e m3･2･ Withthe abo v e r wtatio nthefollo wing cor}ditio n s a r e equiv ale ni‥
(i) m - m
′
(ii) A*CA - C'
(iii) (pi,Pj)呂 - (A(pi),A(pj))♭ ,(i,i - 1, . . . , r).
Pr o or･ A pr o ofof(i) ⇔ (ii)is giv e nin[4].
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A proof of(i)= ⇒ (iii)･ Sin ce m - m ′, w eha v eJGI-JLIJa ndfel - le:･1
,(i - 1, - , r)･ ByLe m m a2･1pi(ck) - A(pi)(cと′) ,(k - 1, - , r)･ T he refo re w eha v e
(pi, Pj)b-古=rk- 1leklpi(ck応両
古=:-1lel･IJ^(pi)(cと′)A(pj)(c去′) - (A(pi),A(pj))k･
A pr o of of(iii)*(ii)･ Sin c eC'isthe Ca fta n m a,trix ofH , w e ha.v e
′
/
ド
jー
J
日
日
れ
り
‥
.
/
r
m
リ
Here we s etC - (cid)a nd(C
′
)
～ 1
- (c:･1･)･ By a ss u mptio n(pi, 甲j)呂- (A(pi),A(pj))♭,
w eha v e
(pi,りj)
'
G
- (pi,∑k CjkPk)fG - (A(pi),∑k Cjk入(pk))i-
(∑j, aid,P;I,,∑k,ICjkakEP;)ら- (∑jl aijJP;･,, ∑k,ICjkakL(∑m c;｣り∴))i -
∑j,,k,I,m aid,Cjk 両 c;
/
m(p;′,りふ)k (3.1)
Sin c e(pi,りj)呂 - 6i,I a nd(p;I,,りニ)旨 - 6j,m ,bythefo r m ula(3･1)w eha ve
(甲i,りi)呂 - ∑k
,
I
,m
Ci k布 c;m aim - 1
(pi,りj)左- ∑k,I,m Cjk砺 c;
'
m
aim - 0 ,(i≠j).
T he r efo re w eha v eCi(c′)
~ 1(iA) - I (a nide ntity r x r m atrix).He n c eC才 -
(lA)
~ 1c′ ∴ tACス エ c′･ T hatis
,
A*CA - C/. This c o mplete sthe pr o of. 圃
W e do n't kn o w a ny n e c e ss a ry c o nditio n u nde r which A is u nita ry･ It s e e m sto
bedi瓜c ultto丘ndits c o nditio nbe c ause ther eis a nis o m o rphis m s of言B R(a)o nto
言BR(H)e v e nif[Gl≠JIJl(s e eRe m a rk in the e nd ofthis s e ctio n). But we c a n
giv e a sllffic e nt co nditio n u nde r which A is u nita ry･ Fo r e x a mpleifCA - AC
/
,
tl-e nby TI- eoI
､e m 3･2 in[41itfわlo w sthat m - m ′ a･nd A is tl nita ry.
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W e ca n e a sily pro v ethefblo w lng CO r Ol a ry･
Cor olla ry3･3･ Ifm - m ′′ the nthefollo wing C O ndition s a re equiv ale nt:
(i) CA - AC'
(ii) A is u nita ry.
T heo r em 3 AL･ IfC A- AC", the n w eha v e
(i) A(甲i) - 叩:･, Whe r ethe ei a re rO OtS Ofu nity and iJ i′ (i - 1, … ,r)is
a pe r mutaiio n･ (In tllis c a s e we w rite piヰ ?:･,, (i - 1, . . . ,,).)
(ii) The Bra u e r cha ra cte rtable s ofG and H a ,ethe s a m e.
(iii) With a s uitable a rr a nge m e nt Ofro w s a nd colu m n s, C = a, ,
(iv) A(m) - eiり;, Whe re ihe ei a r erO OtS Ofu niiy a nd i → i, (i - 1, … ,r)is
the pe r m uiatio l "
'
n(i)･ (Inthis c a s e w e write りiぅり;′, (i - 1, . . ., ,).)
(v) Ihi a ndりj a re in ihe s a- eblo ck ofG, ihe 叩;, a nd7i., a r ein the s a m e
blo ck ofH whe reりiう り;′, (i - 1, . ‥ , r).
(vi) Ifpi a nd pj a rein the s a - eblo ck ofG , ihe 叩:･l a ndy;･, a rein the
s am eblo ck ofH whe repi ヰp;I, (i - 1, . . ., r).
Pr o of･ Pr oofs of(i)a nd(ii)a r estated in[4].
Pro ofs of(iii)a nd(iv)･ By(i)ofthisthe o r em w eha v e
人(pi) - tip:･′, (2
'
- 1
,
-
,
r).
sin ce p
al(丁]i)is alin e a r c om bin atio n ofりi, ･ . I,りニwith c o efBci｡ nts ｡falgebr aicint｡_
ge rs whe rep
a is the o rde r of a Sylo w p - s ubgr o up of H, by r en u mbe ring 71) ･ ･ ･ 'りr
J /
w e m a･y w rite
p
al(r7i) - al,7i, + - ･ + a,ll),
'
･ ,
,
ai, ∈ 言
,(i - 1, . . . , ,,)
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whe r ei → i'
, (i - 1, ･ ･ ･, r)isthe abo v epe r m utatio n. T hen w eha v e
p
a
- (pi,P
a
qi)呂- (A(甲i),Pal(りi));I - eiaT.
0 - (?i,Paqi)呂- (A(pj),PaÅ(qi))妄 - E府 , (i≠j)
He n c e w eha v e ai, - eJ
I
p
a
, ai′ - 0(i≠j)･T he r efo r e w占c a n s eetha七人(m)- eni,
/ /
w he re e;- e｢1is a ro ot of u nity(i - 1, . . ., r).
Ne xt w epr o v ethat C - C
/
with a s uitable a･r r a nge m e nt ofr o w s a nd c oltl m nS.
Ifw e s et C - (cid)a nd C' - (c:･,･), the n
ci,
.
- (7i,りj)呂 - (A(りi),A(りj))i - (e:･り;′, 亡;17i･,); - eie]Ci,j′ ･
J / J
Ifcid≠0, the n cij and c:I,i, a r epo sitiv eintege rs a nd e:･e;Iis a r o ot, ofu nity. The r efo re
/ /
ci3
･ - Ci,i, ･ Ifcij
- 0?the n ci13
･
,
- 0･
We s et C' - (c:/,･t) whe reC' ha s a n e ntry ci,i, atPO Sition(i,i)A T he n C - C'
/
a nd Clist,he Ca fta n m atrix ofH .
Pro of of(v)･ Sin c eC - C′ by(iii)ofthisthe o r e m andりi a ndりj a rein the
s a m eblo ck ofG by a ss u mptio n, w e c an s e ebyThe o r e m46･2 in[2】thatり1:, a ndり;･,
,1
are in the s a m eblo ck of H whe r eりi ぅ り;∫ (i - 1, . . . , r).
Pr o ofof(vi)･ Sin c e T7i a nd 甲i a r ein the s a m eblo ck ofG andりj a nd pj a r ein
the s a m eblo ck ofa) りi a nd りj a r ein the s a m eblo ck of abe c a u s epi a nd p3
･
a r e
in the s a m eblo ck ofG･ By(v)ofthisthe o r e mり;∫ a nd りi･, a re in the s a m eblo ck
of H whe r eりt う り;, (i - 1, - , r)･ T he r efo r ep:A, a nd p;･/ a･r ein the s a m ebl｡ck
of H. T lms the pr o of is c o rnplete. 圏
Re m a rk･ If CA ≠ A C/,(v)a nd(vi)ofT he o r em 3.4do n othold. W e can
gi v e a C O u nte r e X am Ple･ We c o n side rthe c a･s ep - 2･ Let a - S4 be a sy m m etric
gr o up o n 4 syI血 ols a nd H - D6 be adihedr algr o tlp Ofo rde r12･ D6is ge n e r ated
bytw o ele m e nts a,b stl Cht,hat a
6
- i
,
a
- l
ab - a
- 1
,
b2 - 1. T he n
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Cl(a.) - (el - (1),e2 - 3 - cycle s)
Cl(H.)- (e
'
l
- (1),a; - (a2, a4))
a nd w eha v ethefollo wing Bl
･ au e r cha r a cte rtable s of aa nd II(s e ethe e xa mples
of§91 Aand§91 B in[1]).
e1 e2
P1 1 1
や2 2 E l
a
l
l a;
■
甲1 1 1
∫
甲2 2 E】
whe reI Br(a)- (pl,P2)a nd I Br(H) - †p
'
l,P;).
We s et入(甲i) -
雷BR(H)a nd A -
1
0
ー
軌
/
-
し)
(
.
i - 1,2)･ T he n 入is a nis om o rphis m of雷BR(a)o nto
0
1
(the m atrix affo rded byュ).T he nCA ≠ AC
'be c a us e
a a nd C/ a r ediffere nt.
Tle reis o nly o n eblo ck B withr e spe ct to S4 a ndthe re a r e e xactlytwo blo cks
Bi,a;with r e spe ct to D6･ T he refr e w e c a n s e ethat pl, P2 ∈ B but p
'
l ∈ Bi,p2 ∈
J
B;a nd りl,り2 ∈ B but りi∈ Bi,り2 ∈ B;.
J
Ackn o wledgm e nts
T his a rticle w a s w ritte n while l w a s visiting the Univ e rsity of Birmingha m in
Febr u a ry 2000･ I w a s s uppo rted by a gr a nトin - aid fo r s cie ntific r e s e a r ch fr o mthe
M inistry of E(1u c ation of Japa n･ Ire cei v ed u s efuls uggestio n s a n (1 en cou r age m e nt
fro m Profe ss o rG･ R ･R･obin s o n ofthe Univ e rsity of Birm lngha m･
17
Refe renc e s
1･ C･ W ･Curtis a nd I･Rein e r
,
uRepe s e ntation The o ry ofFinite Gro ups a nd
Asso ciativ eA lgebr a s)
n Wiley-Inte r s cie n c e,Ne w Yo rk)1962.
2･ L･ Do l' nhoff
,
"Gr o up Repes e ntatio n The o ry,
"
(tw o v olu m e s), Dekker,Ne w
Yo rk,1972.
3･ I･ M ･Is a a c s
,
uC ha r acte rT he o ry of Fin teGr o ups,
" AcademicPr e s s
,
Ne wyo rk)1976.
4･ K ･Ya m au chi
,
On is om o rphis m s of a Br au e r cha r a cte r･ ring O nto a n othe r?
Ts ukuba J･ M a七h･ 20(1996),207-212.
5･ K･ Ya m au chi?On a uto m orphis m s of a cha r a cte r ring, Tsukuba J. M ath.20
(19 6),525- 27.
18
Onthe Exte n sio n s of Gr o up Repre se ntatio n s
ove rArbitr a ryFieldsII
Ke nichi Ya m a u chi
1. Intr odu ctio n
Let a be afinite gr o up with N q G, a ndlet L be any五eld･ An L- r epr e se ntatio n
･Y ofN is s aid to bein v ariantin a?iffo r e v e ry g ∈ a, the repr es e ntatio n X9
defin ed by X9(n) - X(9ng
- 1)is simila rto X .
Ⅰ･ M ･Is a a c spr o v edthefollo w lngthe o re m which is age n e r aliz atio n ofG al1aghe r's
the o re m･ (Se e T he o r e mA of[4]).
Let Nq Gbe a Halls ub9rO uP a nd L be a n a rbitraryPeld. The n e v e ryir w a riarlt
irredu cile L- r epr e s e niaiio r -IN is e xte ndibleto a rtL- r epre s e ntatio n ofa.
And fu rthe r
,
inthe c a sethatcha r(L)-0,I･ M ･Is a a c spro v edthefolowingthe or e m
w hich isthe str e ngthen v e rsio n ofthe abo ve the o r e m･ (Se eCor ollary6.4 of[4]).
T he o re ml･1･(Ⅰ･ M ･Is a a c s) Let N 4 a a ndletlt
'
be a r H
'
r w a ria ntirr edu cible L-
r eprese rtiaiioTI OfN, whe reL is a rt a rbitr a ry s ubPeldofm a19ebr aic ally clo s edjield
E ofcha ra cte r･L
'
siic z e rv･ Let α be a rtir redu cible E w rLSlitu e nt of,ra nd a ss u m e
that((a : Nt, α(1)o(α) - 1, whe re o(cy)is ike dele r miri a ntal o rde r of 比 . The r-
X eLTierlds to - L- r epreSe ntatio r1 0fa which ha s7 a S a rtE- c o rl Stitu e rlt, Whe re
7 - (良)
a
a nd a isthe c a n o nic ale x･te n sio n ofα to ikein e rtia gr oupIG(α).
If w edo n7t a s s u m ethat(lG : NJ, o(α))- 1,the n w e w o n (le ∫ho wrsa a cs' the o r e m
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cha nge s･ In thispape r w einte nd to con side rthe e xte n sio ns ofin v a riant ir r edu cible
L- repr es e ntatio n s of no rm al s ubgro ups,whe n((a : Nl, α(1))- 1 a nd I, is a n
a rbitr a ry丘eld.
In s e ctio n 2,w e willc o n side rthefolo w ing PrOble m･ T hatis, let NA a a nd X
be a ninva ria nt ir redu cible L- r epre s e ntatio n of N･Sup po s ethat X e xte ndsto a n
L- r epr esentatio n X
'
ofG･Let α be anirr edu cible E- c o n stitu e nt ofX a ndβbe a n
irr edu cible E - c o n stitu e nt of ,Y′lT(the re strictio n of X′ to T),whe r eE ⊇ L is an
algebr aic aly clo s ed丘eld a nd T - IG(α)is thein e rtia groupムf α in a. T he n w e
wilstudythe relatio nbetw e e n α a ndβ･ (See Tbe o rel n2.3.)
In [5】, w e gave the n e c e s s ary and s u托cie nt c o ndition o n which an in v a ria nt
irr edu cible L- r epr e s e ntatio n X of N e xte nds to to a n L- r epr e s e ntatio n of a )in
the c a s ethat the Schtlrinde x of a nir redu cible E - c o n stitu e nt of X is equ al to 1.
In s e ctio n3, w e wilc o n si･de rthethe r e m o v alofthe a s s umptio nthat theSchu r
inde x of anir redu cible E- c o n stitu e nt ofX is equ alto l･(Se eT he o rem 3.1.)
Thr o ugho ut this pape ra denote salw ays afinite gr o up with N A a,Zthe ring
ofr atio n alintege rs) E a n algebr aic ally clo s edfieldwith E⊃ Lbeing an a rbitra ry
Reld･ Fin ally w e n otethat the definitio n s a nd the n otatio n sin this pape r a rethe
s a m e a stho s ein ls a a cs's pape r[4].
2･ Se mi-sta nda rd e xte n sio n s and c r o s s ed r epr e s e ntatio n s
Let E be a･n algebraic ally clo s ed Beld･ We w rite Ir rE(a)to de n ote the s et of
irr edu cible E - cha r a･cte rs of G･Sup po s eL ⊆ E is a na rbitr a ry 丘eld.T hen a(E/L)
pe r m ute slr rE(a)into finite o rbits.
No w w edefin e a nLs emi-in v a r;a n c e.
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De丘nitio n 21 ･ Let N< a and α ∈ Ir rE(N). The n we saythat α is L- s e mi_
in v a ria ntin aifits Galois o rbito v e rL is G-in v a ria nt.
Definition 2･2･ Let NA a a ndlet α ∈ Ir rE(N)be L-s emi-in v a ria ntin a,wher e
Eis a n algebr aically clo s ed 丘elda nd L ⊆ E is a n a rbitr a ryfl eld･Let T - IG(α)
be thein e rtia gr oup ofα in G･ T he n w e s aytha･tβ∈ Ir rE(T)is a s e mトsta nda rd
e xte n sio n of α pr ovidedthat
(i)βis a n e xte n sio n of α
(ii)βis L-s emi-inva ria nt inG.
In pa rticula r w e s ay that a s emi- sta ndard e xtensio n β ∈ Ir rE(T)of α is a
sta ndard e xte n sio n provi ded that L(α) - L(β), whe r eL(α)a nd L(β) a r ethe
Aelds ge n e r ated o v er L by the v alu e s of α on N a nd by the valu e s ofβ o n T
r espe ctively.
Let NA G a nd a ssu m ethat α ∈ Ir rE(N)is L-s e mトin v a ria ntin a a nd([G :
Nf' m L(α))- 1 whe reE is algebr aical 1y clo s ed ,L ⊆ E,a nd m L(α)is the Schu ,
in de x of比 o v e rL･ LetT - IG(α)a nd let X be a nirr edu cible Lrepr e s e ntation of N
having α as a n E - c o n stitu e nt s othat X isin v a ria ntin G･Suppo s ethat a exte nds
to a n L r epr e s e ntatio n X
′
ofG･Letβ∈ Ir rE(T)be a nE - c o n stittlent Of X′lT(the
r e striction of X/to T)s u chthatβJN ha s α a s a c o n stitu e nt.
T he n w eha v ethe follo wingthe o re m.
The o re m 2.3. In the abo v e situ atio rl W eha v e
(i) Ifcha r(L)- 0,the n βis a s e mi- sta nda rd e xte nsio n ofc M nd w e ha v e
m L(α)IL(α)‥Ll- m L(β)lL(β): LI.
h- pa rticula rβis a sta llda rd exte n sio n ofα 2fa nd o Ttlyif m L(α) - m L(β).
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(ii) Ifcha r(L)- 0 - d L c o ntain s aprimitiv e m-thr o ot ofu nity whe,e m
is the etTPO n e nt Of(T/N)/D(T/N)a nd D(T/N)is the c o m m utato r s ub9rO uP Of
T/N ,the nβis a sta nda rd e xte n sio n ofα .
(iii) Ifcha r(L)≠0,thenβis a sta nda rd e xten sio n ofα .
Pro of･ (i)We write tr,Y a nd irX′fT tO den ote the cha racte rs ｡fX and
X′fT r eSPe Ctiv ely･ Sin c eX a ndX /(T a reir redu cible L- r epre s e ntatio n s ｡fN a nd T
re spe ctiv ely, irX a ndlrX
'lT de co mpo s e a sfollo w s
irk - m(α. + - I + α r), m - m L(α), α 1 - α , ㍗ - IL(α)‥ L[ ･ ･ ･ (2.1)
trX/lT - n(β1 + ･ ･ ･ +βs), n - m L(β),β1 - β, a -fL(β): Lf - (2.2)
whe re αi ∈ Ir rE(N)(i - 1, ･ - , r)a ndPj ∈ IrrE(T)(i - 1, ･ ･ ･ , s)a r edistinct
a nd c o n stitute o rbits u nde ra(L(α)/L)a nd a(L(β)/L)r espe ctiv ely. (Se eLe mm a
2.l of[4].)
Sin c eT - IG(α)isthein ertia gr o up of α in a,βlN C a nbe w rite n a sfoil. w s
β‡N - e α, e ≧1, e ∈ Z - (2.3)
He r e w ewillsho wthat e - 1･ Bythefo r m ulas(2･l)a nd(2.2)w eget
e n s α(1) - m r α(1)a nd s o e n s- m r . ･ ･ (2 A)
By Co r olla ryll･29of[3】w eget ellr‥ N卜
On the otherha nd
,
bythe for m ula(2･3),the a s stl mPt･io n tha,t cha r(L)- 0,yields
that L(α)⊆ L(β)a nd s o w eha v e
s -IL(β): L[- lL(♂): L(α)lIL(α): Lt- lL(β)‥L(α)Ir
He n c e rdivi des s･ T hel･ efo r ebythefo r m ula(2.4), w e c a n s e ethat e divide s m =
m L(α)I T he fa ct that e 仰 ‥ Nla ndthe a s s u mptio nthat(lG : NIpIL(α))- 1
imply tha.t e - 1 a s claim ed･ By the fo r m ula (2･4) w e get Lm I,(α)lL(α): Ll -
m ,I,(β)lIJ(β):L卜
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Sin c e'Y/ITis the r estrictio n ofX′ to T,it follo w sthatβis L-s e mi-in v a ria ntin
a. He n c eβis a s e mトsta nda rd extensio n of α .
In pa rtic ula rifw e a s s u m ethatβis a sta nda rd e xte n sio n ofα ,the nL(α) - L(β)
a nd s o w eha v e r- s ･ Bythefo r m ula(2･4)a nd a - 1, w eha v e mL(α) - m L(β).
Co n v e r selyif w e a s s u m etha七 m L(α) - m L(β), the n w eha v e a - r bythe
fo r mula(2･4)a nd e - ll He n c e we obtain L(α) - L(β)be c a u s eL(α)⊆ L(β)
holds. The r efo reβis a sta nda rd e xte n sion of α .
(ii)Ke epingthe n otatio n sin(i), w e wi llsho w thatlL(β):L(α)Idivide s mL(α).
By the fo r m ula(2A)a nd e - 1, w e ha v e n s- rT" A In the pr o of of(i) w e als o
sho w ed that a - (L(β): L(α)lr a nd s o we ha v e叫L(β): L(α)l- m . Hen c e
lL(β):L(α)Idivides m - m L(α)a s claim ed.
On the other ha nd w e willsho w thatIL(P): L(α)Idivides[T : N卜 Fo r a ny
q ∈ a(L(β)/L(α)),βq is a n e xte n sio n o.fα a nd s obyCo r olla ry of[2】(p225),the re
is a u niqu elin e a r cha r a cte rpq ofT/N s u ch thatβq - pqβ. He re w e s et H -
(FLqlc, ∈ a(L(β)/L(α)))I
E ⊇iii = ヨ⊆
T he n H fo r m s a s ubgr o up of the gr o up T/N c o n siting of al1 lin e a r cha r a cte rs
of T/N ･ In fa ctfor q,T ∈ a(L(β)/L(α)), w eget
βq r - (pqβ)丁 - p
T
qβ
T
- FLU(FLTβ) - PqPTβ
beca u s eL c o ntain s aprlmitiv e m-th r o ot ofu nity･ He n c e w eha v efLqilT - FLq T ∈ LI
⊆≡:i iliii= ヨ⊇
a nd s o II is a s ubgro up ofT/N ･ The refo r e we c a n s e ethatlL(β): L(α)I - lHf
divide stT: 叫 a s r equir ed･ Bythe a s sll mPtio nthat(IG
'
: Nl, m,L(α) - 1,itfollo w s
thatIL(β):L(α)I- 1･ Co n s equ e ntlyβis a sta nda rd e xte n sio n ofα ･
(iii)Sin c e cha r(L)≠0, w eget m L(α) - m L(β)- 1 byT he o r e m9.21(b)of[3】,a nd
s otry a nd-lr･'t
'')T deco m pose a sfollo w s
-try - α1 + ･ ･ ･ + α , , α1 - α , r - lL(α): LI
23
irX′tT - β1 十 ･ - +Ps,β1 - β,S - rL(β)‥ L卜
Sin ceβtN - e α, e≧1, e ∈ Z a nd X′1N - X, w eget
1- the m ultiplicity of α in a ≧ e.
He n c e e- 1 a nd s o w eha v e r- s ･ T he r efo r eL(α) - L(β)holds be c au se
βIN - α ･ Co n s equ e ntlyβis a sta nda rd e xte n sio n ｡f α .
This c o mplete sthe pr o ofof Theo r em 2.3. Q.E.D .
Re m a rk･ Let NA a a ndlet α ∈ Ir rE(N)be ,i-se mi-inva ria nt in a.As su m e
that α ha s a sta nda rd e xte n sio nβ ∈ Ir TE(T)whe r eT - IG(α). T hen w e n ote
that m L(α) - m L(β)holds･ In fa ctby s etting T - ain Le m ma 2.3 of[4】,w e c an
s e ethat m L(β)divides
.
m L(α)I He n c em L(P)≦ m L(α)･ On the otherha nd, sinc e
L(α) - L(β)andPJN - α, W e Obtain m L(α)≦ m L(P)･ T he refo re mL(α) - m L(β)
holds.
Let N A a a nd a s s u m ethat α ∈ Ir rE(N)is LI S e mトin v a ria ntin a whe reE
is algebr aically clo s ed a nd L ⊆ E･ Le七 T - IG(α)a ndlet X be an irr edu cible
L- r epr es e ntatio n ofa ha v lng α aS a n E - c o n stitu e nt･ T he n we ha v ethefollo w lng
theo re m.
T he or e m2･4L In the abo v e situ atio n, ifα ha s a s e mi_ sta nda rd e xie n sio ,,
β ∈ Ir rE(T)s u chthat m L(α)lL(α)‥ LI- m L(β)7L(β)‥ Lf, the n X e xte nds io an
L- r epre s e r,tatior} ofT ha virt9P a s a nE- c o r} siitu e nt.
pro of･ Let A
^
,
be a nir r edu cible L- r epre s e ntatio n ofT ha vingβ a s a nE-
^
c o n stitu e nt. T he nirX c a nbe w ritte n a sfollo w s
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irk - m L(β)(β1 + ･ ･ ･ +βs),β1 - β,a - lL(β):L(
whe r etheβi ∈ Ir rE(T) (i - 1, - , s)a r edistin ct a nd c o n stitute a norbitu nde r
a(L(P)/L)･ He n c e w eha v e
trklN - m L(β)(Pl[N + - ･ +βsIN).
Fo r a ny o
･
∈ a(L(β)/L(α)),β1
q
lN - (β1lN)
q
- α
q
- α a nd s oitfollo w sthatthe
m ultiplicity ofα in kIN is equ al to
Eq
m L(β)1L(β): L(α)I- m L(P)lL(β): LI/lL(α): Ll - m L(α)lL(α): LVIL(α):
Ll- m L(α)･
He n c e w eha v etrX - irXIN a nd s o X is simila rto 舟IN .
Jヽ
T hepr o ofis c om plete. Q. E.D.
Re m a rk. He re afte r w e willtre at the c a s ethat(lG: NI, α(1))- 1. Sin ce mL,(α)
divide s α(1)by Co r olla ry lO･2(h)of[3】,w e n ote that the c o nditio n that(lG :
NL, m L(α))- l is a uto m atic ally s atis爪ed a nd s o w e c a n alw ays apply The o r e m2･3
to o u r e xte ndibilitypr oble m s.
No w w edefin e a nF- c r o s s ed r epr e se ntatio n of awhe r eF is afield, whichis a n
impo rta ntte chniqu efらr e xte nding r epre s e nta七io n s･
De丘nitio n 2.5. Let F be a n a rbitr a ry fielda nd let a a ct o n F via fielda uto -
m o rphis m s. T his a ctio nindu c e sa n a ctio n ofa o n GL(r, F)fo rpo sitiv eintege r r･
T he n w e s aythat a m ap Z : a → GL(r, F)is a nFI C r O S S ed r epr ese ntatio n ofG,
pr o videdthat
z(gh) - Z(a)hz(h)fo r allg,h ∈ G･
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Fo r α∈ Ir rE(N)w e w rite αdtO de n ote the dete r min a nt ofα ･
Let NA a a ndlet a be a nir redu cible L- r epre s e ntatio n of Nwhich isinv a ria nt
in a whe r eEis algebr aically clo s ed a nd L⊆ E･ Suppo s e α∈ IrrE(N)is an
ir redu cible E_ c onstitu e nt of X. The n αis L- s emi-in v a ria,nt in a a nd thu s a
a cts o n L(α). Le七 X L(α)de n ote the repre s e ntatio n X when vie w ed a s a nL(α)
-
r epre s e ntatio n of N a nd let ybe a nir redu cible c o n stitu e nt of X
L(α) whichha s α
a s a nE- c o n stitu e nt. Let X. be a nirr edu cible L r epr e s e ntatio n ofN ha ving α d a S
a n E- c o n stitu e nt. T he n
･
w eha v ethefollo w ingthe o re m･
The ｡ r e m2.6. In the abo v e sitlLatio n w e a ssu m efu rtherthattheSchu rindex
m L(α) - 1 s othat α is ano rdedby a n L(α)- repre s e ntatio n3)･ Suppo s ethat(IG :
N[, α(1))- 1･ Ther2 W eha v e
(Ⅰ) Thefollo wing c o nditio n s a r e equiv alent･
(i) X e xte ndsto a nL- repr e s e ntatio n ofG･
(ii) T he L(α)- repre s e ntatio n αd OfN exte nds to a nL(α)- c r o s sed repre s e nta
-
tio n ofG withr e spe ct io the giv e na ctio n ofG o n L(α)･
(II) IfXo e xte nds to a nL- r epre s e ntatio n ofG, the n X e xte nds io a nL
-
r epr e s e ntatio n ofG･
pro of. (I) Itis ob vio us by T he o r e m2･3 of[5]･
(It) Sin c eX. exte nds to a nL- r epresentatio n ofa, w e m ay apply The o re m
3.1 of[4]a nd c o n clude that αd e xte nds to a nL(αd)- Cr o s s ed r epr e s e ntatio n LJα Of
a. Sin c e αis aHo rdedby a n L(α)- r epr e s e ntatio n y, w e s e ethat L(αd)⊆ L(α)･
Be c a u s e(αg)a - (αd)9(Se ethe pr o ofof The o r e m3･2(i))a nd(α
q)a - (αd)
q for
o
･
∈ a(L(α)/L),itis cle a rthat the a ctio n of ao n L(αd)with r espe ct to which LJα
is a c ro ss ed r epr e s e ntatio n,isju st the re strictio n ofthe o riginala ctio n o nL(α)
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to L(αd). The r efo r e αd e xte ndsto a nL(α)- cr o ss ed repre s e ntatio n ofa a nd s o w e
m ay apply(I)a nd co n cludethat Xe xte ndsto a nL- r epre s entatio n of G･ The pr o of
主s c o mplete. Q･E･D･
Ifcha r(L)> 0,theSchu rinde x mL(α) - 1 holds by T he o r e m9･21(b)of[3]a nd
s o w e c a n alw ays ap ply The o re m2･6to the field Lofpri m e Cha r a cte ristic･ As a n
applic atio n of T he o re m2.6 w e willpr o v ethefollo wingthe o r e m･ (Se eThe o re rn of
【川
The o r e m2.7.(B.Fein) Let N be a n o r m al Hallsub9rO uP OfG a nd letL be a n a r-
bitr a ryPeldwith cha r(L)> 0. LetX be a r "
'
n v a ria ntir redu cible L- r epre s e ntation of
N .Suppo s ethat(IG: Nl,degX) - 1･ T hertX is exte ndible to a nL- r epre s e ntatio n
ofG .
pr o of. (Se ethe pro of ofLem m a6･2 of[4】)Let α ∈ Ir rE(N)be a nE-
c o nstitu e nt of X whe r eE ⊇ L is algebr aic ally clo s ed. Sin ce cha r(L)> 0, m L(α) - 1
holds a nd s o w e ha v e(lG : Nl, α(1))- 1 bythe a s su mptio nthat(lG: NL,de9X) -
1. Let X. be a nir r edu cible L- r epr e se ntatio n of N having αd aS a nE
- c o n stitu e nt･
T he n w e wilsho w that Xo e xte nds to a nL- r epr e s e ntatio n of a. He n ce w e m ay
apply T he o r e m2.6(II)a nd c o n clude that X e xte nds to a n L r epr e se ntatio n ofG･
In o rde rto pr ov ethat Xo is e xte ndible to a nL
- r epre s e ntatio n ofa? by Theore m
2.4 of[4】it s u氏 c e sto pro v ethat αd ha s a sta nda rd e xte n sio nbe c a u s e mL(α) - 1･
sin c eαdis I, -s e mi-inva ria ntin a) X. isin v a ria ntin a a nd soitfollo w sthat the
ke r n elofX. is a n o r mals ubgr oup ofG･ He n c e w e m ay a ss u me that Xo isfaithful･
sin c e allofthe E- c o n stitu ent of X. a reGalois c o njugate, they all ha v ethe s a m e
ke r n ela nd itfollo w sthat αdisfaithful a nd s o N is cyclic ofo rde r equ alto o(αd)･
Let T - IG(αd)be thein e rtia gr oup of αdin G･ T he n N is c e ntral in T be c a u se
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αdisfaithful･ Sin ce N is a n o r mal Ⅲal1s ubgr o up of a, the r eis a subgro up A
r
of
G s u ch that T - N x A
r
(adire ctpr odu ct)･ W e s e七β - αd X lÅ･ ∈Ir rE(T). The n
βisthe c an o nicale xte n sio n of αd tO T. This c o mplete sthe pr oofof The o r e m2.7.
Q.E.D .
3. C ha r a cte ristic z e ro
In T heore m2･6 w e a s s u m edthat the Schu rinde x m･L,(α) - 1. To re m o v e七his
a ss u mptio n w e willstate so m e v a rition of The o r e m6.3 of[4].
W e 丘Ⅹ a n algebr aic ally clo s ed field Eofcha r a cte ristic z e r o and all othe rfields
c o n sider edin this s e ctio n will be stlbBelds ofE ･ Let T be a n o r m als ubgr o up of
a and ass um ethatβ∈ Ir rE(T)is L-s e mi-in v a ria nt in a whe reLis a s ub鮎1dof
E･ Suppo s ethat(lG : Tl,β(1))- l and IG(β) (thein e rtia group ofβin a)is
equalto T･ Let ebe aprimitiv e n-th r o ot of u nityin E whe r e nisthe e xpo n e nt of
G･ The nthe reis a u niqu e minim al Reld K, L ⊆ A
r
⊆ L(e)s u chthatfL(e): Kl
in v olv es n oprim edividingthe Schu rinde x m L(P)be c a u sea(L(e)/L)is abelia n
a nd m L(β)dividesIL(e): Ll. W e 五x It
'
a s abo v e a nd s et 7 - βG . Let ′γ be a n
ir r edu cible L repr es e ntatio n of T ha vingP as an EI C O n Stitu e nt a nd let y be a n
ir r edu cible K- r epr es e ntatio n of T ha vingβa s a nE - c o n stitu e nt. The n w eha v ethe
lfollo w l ngthe o r e m.
T he o re m3.1. Ir!the abo v e situ atio n w eha v e
(I) (i) The s chu rinde x mA･(β)- 1.
(ii) βis K - s e mi-in v a ria ntirta.
(ⅠⅠ) Thefollo wir19 C O ndition s a re equiv alerlt
(i) X e.Tierlds to ( m L- r epre s erltatio n ofG.
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(ii) m L(β)- m L(7)･
(iii) 3) e xte ndsto aK- r epr e s e ntatio n ofG･
(iv) (m K(β) -)m K(7) - 1･
Pr o of. (See the pro ofs ofThe o r e m6･3 of[4]a nd The o r e m4･l of[5])
(Ⅰ) (i) Sup po s ethatpis aprim edivis o r of m K(β)･ Then pdivides m L(β)by
Co r olla ry 10.2(f)of[3]a ndhe n c ep†[A
'
(e): KI(- (L(e): A
'
I)bythe choic e of
a field A
'
. Thu sthe Sylo w p- s ubgr o up of a(A
'
(e)/K(β))istrivial a nd T he o r e m
10.12of[3]yieldsthatp†m K(β). This c o ntradictio nimplie sthat m K(β)- 1 a s
claim ed.
(ii) Sin c ePis L- s e mi-in v a ria ntin a,by Le m m a2･l of[4]a(L(P)/L)c o ntain s
a s ubgr o up H whichisis o m o rphic to a/T･ Sin c e mL,(β)divide sβ(1)a nd(1G :
T],β(1))- 1, w ehave that(lG :Tl, m L(β))- 1･ Sin ce a(A
'
(β)/Ii
'
)isiso morphic
to a(L(β)/L(P)n A
'
),itfollo w sthatJA
'
(β): A
l
l - lL(β): L(β)n A
'
卜 Let M
be a丘Ⅹ ed fieldofH . T he n w eha v e(L(β): 叫 - 1G : TI. Ifa prim ep divides
JL(P)n K: Lいhe n plm L(β)a nd ira prim ep divi desIL(β): L(β)n A
r
t, the n
pIm L(P). T he s efa ctsyields that M is a s ub五eld of L(β)which co ntain sL(β)n K
a sa s ub五eld. T he refo r ea(K(β)/A
'
)c o ntain s a s ubgr o up who s e re strictio nto L(β)
is equal to H . Thisimplie sthatPis A
'
- s emi-in v a ria ntin G･
(ⅠⅠ) (i)- 辛(ii) Let7
I be their r edu cible E - cha r a cte r of G who s e r e strictio nto
T ha sP as a c o n stitu e nt. T he n w eget
l≦(β,7′lT)T - (βG ,7')a - (7,71)G - (3.1)
Sin c e7 - βG ∈ I, rE(a), w eha v e7 - 7
' bythefo r m ula(3.1)･ T he r efo r e7is the
o nlyir r edu cible E - cha r a cte r ofa who s er e strictio nto T ha sβ a s a con stitu ent. If
X e xte ndsto a nL-repr es e ntatio nX
/
of G,the nitfollo w sthat7 1S a nE- c o n stitu e nt
of X/ a ndir't' a ndirX′ de c o mpose a sfollow s
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irX - m L(β)(β+ ･ ･ ･), irX
'
- m L(7)(7 十 ･ ･ ･)･
Sinc e(β,7tT)T - 1,the abo v eequ atio n syieldthat m L(β)is equ alto mL(7)･
(ii)- 辛(i) Ass u m ethat m L(β) - m L(7)･ Sin c eTis equ alto IG(β), W e C an
c o n siderβa s a sta nda rd e xte n sio n a nd s oby The o r e m2･4 oり4】,itis obvio u stlat
X e xte ndsto a nL- r epr e s e ntatio n of a.
(iii) ⇔ (iv) The pr o ofis quite simila rto that of(i) ⇔ (ii)･
(ii)= ⇒(iv) Ass u m ethat m L(β) - m L(7)･ The n w e clai甲 that m K(7) - 1,
fo r s up po s ethatpis aprim ediviso r of m A
･(7)･ He n ce pdivides mL(7) - m L(β)
by Co rolla ry 10.2(f)of[3]a nd s o p†lK(e): A
'
I･
r
rhu sthe Sylo w p- s ubgroup
ofa(K(e)/A
'
(7))istriviala nd The o re mlO･12of[3】yields thatp†m K(7)･ This
contradictio nimplie stha七 m K(7) - 1 a s claim ed･
(iv)= ⇒(ii) The pr o oftha七 m L(β)divide s mL(7)is si mi la rto the begiming of
the pro ofofTbe o r e m6･3 of【4】a nd s o w e o mit its proof･
Conv e rsely w e willsho w that m L(7)divides m L(β)･ Sin c e mK(7) - 1, m L(7)
divide sIK : LIby Co r olla rylO･2(g)of[3]･ Bythe choice of It
'
itfollo w stha七 all
prim e divis o rs oflK :LIa r edivis o r s of m L(P)a ndthusdivideβ(1)･ The seprim es
do n ot divideJG : TIby the a s s u mptio n that(lG : Tl,β(1))- 1 a nd so mL(7)
divides mL(P)by Le m m a2･3 of[4]andthe fa ctthatPis a sta nda rd e xte n sio n･
T he r efo r e w eha v e mL(β)- m L(7). T his c o mpletesthe pr o ofof T he o r e m3･1･
Q.E. D.
As a n applic atio n of T he o r e m3.1 w e willpro v eT he o r e mil (I･ M ･Is a a cs)･
Pr oof of The o re m1.1･ To begin with w e n ote that α ha s a sta nda rd e x-
te n sio n a s u chthat o(α) - o(a)I (Se ethe n ote belo w Definitio n 2･2 of[4])･ By
T he o r e m2.4 it follo w sthat X e xte ndsto a nL- r epr ese ntatio n i
,
ofT - IG(α)
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having α as a nE- c o n stitu e nt･ To pr o v ethat X e xte nds to a nL
- repr es e ntatio n
ノヽ
of a, by The o re m3.I(II) (iii)itis n olo s sto a ss u m ethat the Schu rinde x
m L(a) - 1. Let A. be a nir r educible L-r epr e s e ntatio n of Tha ving &d a S a n
E- c o n stitu e nt. T he n by Le m m a6.2 of[4]it folo w sthat A. e xte nds to a n L-
repr e s e nta七io n of a be c a u s e(lG : Nl,o(α))- 1 a nd o(α) - o(a)･ By The o re m
′ヽ
2.6 w e s e ethat X e xte nds to a n L- r epre s e ntatio n of a. T he pr o of is c o mplete･
Q. E. D .
Let N A a a nd let X be a nin v a ria ntir redu cible L- r epr es e ntatio n of N whe re
L ⊆ E is a n a rbitr a ryfield. Sup po s e七hat X e xte nds to a nL- r epre s e ntatio n ofG･
Let α ∈ Ir rE(N)be a nE - c o nstitu e nt of ,t
'
･ T he nby T he o r e m3･l of[4】w e c a n
s e ethat αT e xte nds to a nL(α)- cr o ss ed r epre s e ntatio n ofa with r e spe ct to the
giv e n a ctio n of Go n L(α)whe r e m - m L(α)istheSchu rinde x of α o v e rL･ (Se e
als othe pr oofof T he o r e m2.3 of[5])
Co n v e r s ely w e wil co n side rthe follo wing situ atio n. Let α ∈ Ir rE(N)be L-
s e mi-in v a ria ntin a whe reL ⊆ E s othat a a cts o nL(α)a nd a ss u m ethat(lG :
Nl, α(1))- 1. Sup po s ethat α d e xte nds to a nL(α)- cr oss ed repr es e ntatio n w｡ of
a with r e spe ct to the given a ctio n of G o n L(α)･ We s et T - IG(α) ･ Sin c e
e a ch ele m ent ofT a cts trivially o n L(α), fo r a ny x,y ∈ T a n equ atio n w｡(xy) -
w｡(x)LJα(y)holds･ Thatis, L J｡IT(the r e strictio n ofLJα tO T)is a n e xte n sio n of αd･
T he n w eha v ethefbllo w l ngthe o r e m.
T he o r e m3.2. In the abo v e situ atio n w eha v e
(i) The reis a u niqu e cha ra cie rβ∈ Ir rE(T)s u ch thatβlN - α a ndβd - L JαlT ･
(In this c a s e w e s ayihalβisdete r min ed by α αndLJα .)Irl additio rLβis L- s e mi-
ir 抑 a ria ntinG.
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(ii) Lei,ibe a nir redu cible L- repr e s e niatio ' MfTha vingβ a sa n E- c o n stitu e nt
whe reβis dete r min edby α αnd w α ･ The nカ e xte ndsto a nL- r epre s e ntation ofG.
(iii) Letβ∈ Ir rE(T)beike cha ra cte r whichis dete rmin ed by α αrld w ｡ s u chthai
m L(α)lL(α)‥ Lf - m L(β)lL(β)‥ Lla ndlet X be a r H
'
r r edu cible L- r epre s e ntatio n
ofN ha ving α αS a rkE- c o n siiiu e nt･ The n X e xte nds to a nL- r epre s e ntatio n ofG.
pro of･ By The o r e m5 of[2],itis obvio u sthat the r ei?a uniqu e cha r a cte r
β ∈ Ir rE(T)s u ch thatβ[N - α a ndβd - LJαlT . Ne xt w e wi llpr o v etha七βis
L- s e mトin v a ria ntin G･ Sin c e αis L- s e mトinva ria ntin a,fo rg ∈ a w e c a n w rite
α9 - α
q fo r s o m e o' ∈ a(L(α)/L)･ And the r eis a n a uto m orphis m a･ ∈ a(L(β)/L)
s u chthat3fL(α) - Cr ･ It folo w sthat
P3lN - (βIN)
3
- α
3
- α
α
a nd(P
3
)a - (βd)3 - (w αIT)3 - (βd)
q
be c a u s e wα(x)∈ L(α)fo r e v e ry x ∈ a.
On the othe rha nd w eget
β9JN - (βlN)9 - α9 - α q a nd(P9)a - (βd)a - (w αlT)9 -(LJα[T)q - (βd)q
beca u s efo r e v ery x ∈ T
(β9)a(I) - dei X9(I) - dei X(gxg
~ 1) - βd(9Xg
~ l) - (βd)9(x)a nd s o w eha v e
(P9)d - (βd)9 whe r eX is a nE - r epre s e ntatio n of Twhich aHo rdsβ.
By T he o r e m5 of[2]w eha v eP3 - β9. Co n s equ e ntlyβis L- s emi-in v a ria ntin a.
(ii) Sin c ePis L-s emi-inva ria ntin a a nd IG(P)is equ alto T,fo re w e c a ntakc a
field Ii
'
,
L ⊆ A
'
⊆ L(e)which w edete r mined in T he o re m3･1 whe r?eis apri mitiv e
n -th r o ot of u nityin E a nd n is the e xpo n e nt ofG･ Sin c e wαIT - βd a ndLJα is a n
IJ(cY)- C ro s s ed r epr e s e ntatio n of
'
G
,βd e xte nds to a nL(α)- c ro ss ed r epr e s e ntatio n of
G･ Co n s equ e ntlyitfollo w sthatβd e xte nds to an A
'
(P)- cr o s s ed repr es e ntatio n of
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a be c a u s eL(α)⊆ L(β)⊆ A
r
(β)a ndβis A
'
- s e mi-in v a riantin a by The o re m3.1
(Ⅰ)(ii)･ Sin c ethe Schu rinde x m∬(β) - 1 by T he o re m3.1(I)(i), w e c a n se eby
T he o rem 2･6 and The o r e m3.1(ⅠⅠ)(iii)thatA e xtendsto a nL-r epre sentation ｡f
a.
(iii) LetAbe a nir r edu cible L- r epre s e ntatio n ofTha vingPa s a nE- ｡ ｡ n stitu e nt.
T hen w e show edin(ii)thatAe xte ndsto an L- r epr es e ntatio n of G. Bythe ass u mp-
tio nthat m L(α)lL(α):Ll- m L(P)IL(β)‥L(, w e c a n s e ethatkINis si mila rto X .
(Se ethepro ofofT he o r e m2.4)fle n c e,γ e xte ndsto a nL r epr e占e ntatio n ofa. T his
c o mplete sthepr o ofofT he o r e m3･2･ Q. E. D .
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J.A. Gre e nの 定理 の別証明
山 内 憲 一 千葉大学 教育学部
G を有限群と し､ G の 表現はす べ て 複素数体 C 上で考 える こ とにする o G の 既
約指標 の全体をxl,X2, - , Xh とする｡ Z は有理整数全体の なす環 で ､ A(⊇ Z)を代
数的整数か ら成 る C の任意 の部分環 とする o さらに次の記号を定義する o
cha r(a):- G の 指標環, cha rd(a): - ‡∑%b= 1 aiXi[ai ∈ A,i - 1,2, … ,h),
cf(a):- 複素数値 を取る G 上 の類関数全体 の集合, 7i: = G の或 る部分群の集合
こ の とき次に述 べ る定理 はよく知 られて い るもの で ある｡
定理 1 次の(i),(ii),(iii),(iv)は同値で ある｡
(i)任意の 0 ∈ cf(a)に対 し､ 0[H(LI- の 制限)∈ cha r(H)fo r all H∈7iならば､
0∈ cha r(a)で ある o
(ii)任意 の 0 ∈ cf(a)に対 し､ OIH ∈ cha rd(II)fo r all H∈ 7iな らば ､ a ∈
cha rd(a)で ある o
(iii)∑H 67(icha r(H))a - cha r(a)
(iv)G の 各基本部分群は7i に属する或る部分群 の 共役に含まれ るo
上の 定理 で(i) ⇔ (iii)及 び(ii) - (iii)の証明は Br a u e rの 定理 3 i叫】の 証明を
見習えば出来るo Gr e e nは(i)- ⇒(iv)(i･e ･ Br a n e rの Indu ctio ntbe o r e mの逆)を証
明するの に ､ 誘導指標に関する Frobe niu u sの 公式 を用 い て(iii)⇒(iv)の証明を与
えて い るo 我 々 はまた A ∋ E(こ こに e は1 の原料 Gl乗根)の 場合に ､ G の 特性関
数 を用い て ､ (ii)= ⇒(iv)の 証明を与えた｡ 本当は(i)- ⇒(iv)の 直接 の 証明が欲 しい
の ですが ､ これは相当に難 しい と思われます｡
我々 の 目標 は Ma ckey de c o mpo sitio nthe o r em を用 い て(iii)- ⇒(iv)の(Gre e nの
証明とは異なる)別証明を与える こ と である｡
これか らは A は 1 の原始JGl乗根を含む もの とする .
IJe m ma 2 E - < y > ×P は G の p 一 基本部分群で E. は E の 真の 部分群で
ある とす る｡ こ の とき0を E
.
の 一 般指標とすれ ば
IndEo(a)(y)∈ pA
が なり た っ ｡
(iii)- 辛(iv)の 証明の要 点
(iii)の 仮定より
1G - ∑FI671∑^ aH ,A In堀(A)
M akey de c o lllpO Sitio ntbe o r e mより
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Re s富(1G) - 1E - ∑IIE?i∑入 aH,入 Re sg(IndS(A))
- ∑He7L∑入 aH,^∑iET In堵tnE(入tIHt｡E)
p 一 基本群 E が7iに属する部分群の どの 共役にも含まれない ならば Htn E は E
の真 の 部分群で ある｡ よ っ て Lem m a2 より
In堵tnE(人iJHt｡E)(y)∈ pA
よ っ て 1E(y)∈ pA を得る o これは 1E(y) - 1 に反する ｡
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